We derive Petrov-Galerkin finite element method. In one-dimension, our method is H 1 optimal and symmetric. In higher dimensions, our formulation must be approximated to maintain local coupling, which results in asymmetry. The formulation itself yields an expression for the "distance" from optimality, related to the lack of symmetry.
Introduction
classical (Bubnov-) Galerkin finite element method is known to produce sub optimal results (sometimes referred to as quasi-optimal (BabuEka and Sauter (1997) ) when apphed to problems involving the Helmholtz operator (Harari, et al. 1996. ) One of the main practical ramifications of this fact is that a solution propagating on a finite element mesh wifl express a wavenumber other than that specified in the original continuous equation.
Thus, even when a particular solution appears to be well resolved, "numerical dispersion" can cause sma~error to accumulate over large propagation distances. Numerical dispersion leading to the accumulation of large error is also called the "pollution effect" (Babu&ka and Sauter, 1997).
Formulations
proposed to reduce this effect have existed since Courant's time (Courant, 1943) , and some of the most recent efforts are described by Harari, et al., (1996) , and Brezzi, et al. (1997) , and in references therein.
We consider the problem of finding fi(z), the H1 projection onto a given finite element space~of U(Z), a solution oft he Helmholt z equation. We show that the problem of finding z is approximately equivalent to a Petrov-Galerkin formulation of the original boundary value problem. The optima~y chosen weight functions must satisfy several criteria that are specified below, In particular, we show that the weighting functions are the shape functions themselves (i.e. what would be used in a Bubnov-Galerkin procedure) plus bubble functions. The bubbles can be found approximately in a straightforward and systematic manner.
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Formulation
We consider the problem of finding Z(X) E s such that for u(x) in S:
11~-~lJHI(Q~= minimum.
Here, U(Z) : fi + C is the (complex valued) unknown solution of Helmholtz equation. Q c Rd denotes a d-dimensional domain with boundary r. We shd consider the function spaces~and S to be defined as follows:
Finally, we suppose that j is a complex valued function in L2(Q) and that U(Z) satisfies (k2 is a given known constant ):
We shd consider j(z) to be known, though u(z) is not.
Minimizing (1) subject to the constraints (4-5) leads to the following weak form:
If we choose to neglect the right hand side term in (6), then what we are left with is just a PetrovGalerkin formulation based on the original weak form.
In (6), Qe is the element domain. VO(X)is the "optimal" weight function, which for a given~A(X) (a basis function in~) satisfies V2V0 t k2v0 = N~(x) in 0, and VO=~A(x) on 8Q'.
In one-dimension, u -ti on the element boundaries is exactly zero, and so the last term in (6) is indeed zero. In that case, the method is truly optimal. In higher dimensions, the method is only approximately optimal. Since the function and the weights are in general different, the formulation is non-symmetric.
In the special case that the right hand side of (6) is zero, however, the formulation can be shown to be symmetric (Barbone and Harari, 1997.) 
Conclusions
We have developed a stabihzed Petrov-Galerkin formulation for the Helmholtz equation. Our starting goal was to find an HI optimal projection of u(z) onto a given finite element basis. This seems to be a logical starting point for the development of stabihzed and bubble methods, as well as a logical target for stabilized methods to try to obtain.
Our formulation achieves nearly HI optimatity in any dimension, and exact HI optimdity in one dimension.
4
